We show that the solutions of the Wheeler-DeWitt equation in a homogeneous and isotropic universe are given by triconfluent Heun functions for the spatially closed, flat, and open geometries of the Friedmann-Robertson-Walker universe filled with different forms of energy. In a matterdominated universe, we find the polynomial solution and the energy density spectrum. In the cases of radiation-dominated and vacuum universes, there are no polynomial solutions as shown.
I. INTRODUCTION
The first approach based on the application of the quantum theory to describe the universe was presented in the later 1960s by Wheeler [1] and DeWitt [2] . At that time, they proposed a quantum gravity equation to describe the wave function of the universe and its evolution, which is known as the Wheeler-DeWitt (WDW) equation [3] . This equation is analogous to a zero-energy Schrödinger equation of which the Hamiltonian could contain the gravitational field as well as nongravitational fields, as for example, scalar fields. If these fields are present in the Hamiltonian, the dynamical variables are the scale factor and the scalar field as well as their respective conjugate momenta.
In the case in which only the gravitational field is present, the solutions of the WDW equation defined in the minisuperspace depend just on a unique parameter, namely, the scale factor, and thus the properties of the wave functions will be characterized exclusively on this parameter. It is worth calling attention to the fact that the WDW equation leads us to stationary wave functions, due to the fact that it does not contain any classical parameter which can be identified with this quantity.
From that time up to now, this equation has inspired a lot of investigations in quantum cosmology [4] [5] [6] , in which context the evolution of the universe is determined by the quantum states which obey the WDW equation [7] [8] [9] [10] [11] , in such a way that in the appropriate classical limit the Friedmann solutions are recovered. Along this line of research, some results using different approaches have been obtained [12] [13] [14] [15] [16] [17] [18] [19] . Especially, we emphasize the line of research which uses the WDW equation as a fundamental tool to formulate the so-called loop quantum gravity [20] .
In spite of all problems present in the original formulation of the WDW equation, such as the breaking of relativistic covariance, the absence of a time variable, and others [21] , nowadays, it is considered a fundamental tool to elaborate some models to explain the quantum properties of the gravitational phenomena, taking together quantum mechanics and general relativity [22] and for this reason the work on quantum cosmology based on the WDW equation is going on.
The WDW equation does not provide the best way to describe the quantum gravity scenario, but it has opened up a route to describe a theory of quantum gravity and for this reason constitutes a powerful conceptual element to construct a theory in which the quantum dynamics of the gravitational phenomena can be explained consistently [22] . Thus, it is certainly important to find solutions of this equation and use these to learn about the possibility to construct a consistent theory that takes into account the quantum features of our Universe. This paper is organized as follows. In Sec. II, the WDW equation is presented. In Sec. III, we obtain its solution for a universe filled with matter. Sections IV and V present the solution for the three possible geometries and a universe filled out with radiation and vacuum energy, respectively. In Sec. VI, the conclusions are presented.
II. WDW EQUATION IN FRIEDMANN-ROBERTSON-WALKER UNIVERSE
The WDW equation was derived originally in the minisuperspace approximation for closed and empty universes [4, 5] . But it is important to consider different geometries as well as the possibility to have a presence of matter and radiation [23] and others forms of energy.
Let us assume that the universe is homogeneous and isotropic and therefore can be described using the minisuperspace model [24] with one fundamental parameter, the scale factor a (0 ≤ a < ∞) of the Friedmann-Robertson-Walker (FRW) universe.
In the case of the FRW universe, the Lagrangian takes the form [25] 
where different forms of energy are taken into account, as well as geometries (k = −1, 0, +1, which corresponds to the open, flat, and closed universes, respectively).
Substituting the momentum conjugate to a, given by
and the Lagrangian into the Euler-Lagrange equationṗ − ∂L/∂a = 0, we get the following result:
The classical evolution of the universe at different stages can be obtained by solving this equation, which can be used to conclude that the Hamiltonian H = pȧ − L, written in terms of the momentum, p,
is identically zero. Now, in order to obtain the WDW equation in the minisuperspace approximation, we make the replacement p → −i ∂/∂a and impose that HΨ = 0. Thus, we get the WDW equation in a suitable minisuperspace by substituting the dynamical variable and its conjugate by corresponding operators. Explicitly, in the FRW universe, the WDW equation
where we are considering that the wave function depends only on the scale factor.
Let us consider the expression for the energy density
where
with ρ ω0 being the value of ρ ω at present time, and ω is such that
for radiation (radiation predominance; ρ r ) , −1 for de Sitter (false vacuum; ρ v ) .
The energy density of the vacuum, ρ vac , can be expressed, in terms of the cosmological constant, in the following form:
Now, substituting Eqs. (6)- (8) into Eq. (5), we obtain
Equation (9) looks like a one-dimensional time-independent Schrödinger equation for energy zero and for a particle with 1/2 of the unit mass, with an effective potential V ef f (a) given by Eq. (10), which is valid for arbitrary ω.
The expression for the effective potential, V ef f , tells us that the minisuperspace can be divided into regions where V ef f > 0 and V ef f < 0, the limits of which depend on the signal of the cosmological constant, Λ.
Note that for small values of a we can neglect the terms proportional to a 4 , and thus, in a de Sitter scenario, the effective potential is proportional to a 2 , in this limit. In this case, the solution of the WDW equation is given in terms of Bessel functions [24] , and the wave function approaches a constant for a → 0. On the other hand, for arbitrary values of a, the potential is not so simple, and as a consequence, the solutions of the WDW equation are more complicated and given in terms of Heun functions [26] as we will show in the next sections, in which we will obtain the analytical solutions of Eq. (9) with an effective potential given by Eq. (10), for any value of the scale factor.
Note that when a = 0 the universe corresponds to a quantum FRW universe with zero radius. In this case, the solution of the WDW equation approaches a constant and describes a state called "nothing" in the literature [27] . This state can be created by quantum mechanically tunnelling through the potential barrier that appears at a = a 0 = 0.
III. SOLUTION OF THE WDW EQUATION AND ENERGY DENSITY SPEC-
In what follows, we will find the solutions of the WDW equation for arbitrary scale factor (0 ≤ a < ∞), in terms of the Heun functions.
First, we consider the solution of the WDW equation in the matter era, in which case ω = 0. Thus, Eq. (9) takes the form
The behavior of V ef f (a) for this case is shown in Figs. 1 and 2 , for positive and negative values of the cosmological constant.
Note that for Λ > 0 the potential is unbounded (see Fig. 1 ), differently from the empty universe case, where V ef f (a) contains two terms, one proportional to a 2 and the other proportional to a 4 , in such a way that there is a possibility to have bounded states as well as quantum states created by a tunnelling process [23] . For Λ < 0, we can have bounded states (see Fig. 2 ).
It is more suitable to rewrite Eq. (11) in terms of dimensionless quantities. To do this, we first introduce the dimensionless parameter
Let us also use the dimensionless variable
where the coefficient ξ is given by
Then, Eq. (11) turns into
where the parameter γ is given by
Now, we can rewrite Eq. (16) in the form which resembles a Heun equation, by assuming that Ψ can be written as [26] Ψ(x) = e
where P (x) has to be determined appropriately. Substituting Eq. (18) into Eq. (16), we conclude that P (x) must satisfy the equation
the analytical solutions of which will be obtained in what follows.
Equation (19) is a particular case of the triconfluent Heun equation (THE), which in the canonical form (referred to as the THE 1 equation) is given by [28] 
where y(x) = HeunT(α, β, γ; x) are the triconfluent Heun functions.
Let us assume that the solutions of Eq. (20) can be written as [29] y
Thus, substituting Eq. (21) into Eq. (20), we get
from which we obtain the following recurrence relation of order 3:
Collecting all terms of the same order in x, we get
Thus, Eq. (24) gives the following recursion relations for the expansion coefficients:
Considering appropriate choices of u 0 and u 1 , and taking into account a convenient change in notation, we have
where u −1 = 0.
Assuming that (α, β, γ) ∈ C 3 , the triconfluent Heun functions can be written as
where u s (α, β, γ), given by Eq. (26), is a polynomial in the three variables α, β, γ.
From the recursion relation given by Eq. (25), the function HeunT(α, β, γ; x) becomes a polynomial of degree n if and only if the two following conditions are fulfilled [26] :
where Π n+1 is a polynomial in α, γ, with the degree in α being n + 1.
The polynomial Π n+1 (α, γ) is the determinant of dimension n + 1 given by
Now, let us return to the wave functions Ψ(x). Using Eq. (18), we see that the physically acceptable solutions of Eq. (19) are given by
where the functions P n (α, γ; x) are polynomials of degree n satisfying Eq. (20), with β = 3(n + 1), Π n+1 = 0, and 0 ≤ s ≤ n, namely,
The polynomials P n (α, γ; x) = HeunT(α, 3(n + 1), γ; x) are called Heun polynomials of the triconfluent case and are given by
We believe that will be clear from the foregoing discussion that these polynomials are uniquely defined, except for an arbitrary multiplicative constant. Now, let us substitute Eq. (32) into Eq. (31) in order to obtain the recurrence relation of order 2,
where u −1 = 0. Note that the relation (33) with n = 0 gives u −1 = 0 if and only if Π n+1 (α, γ) = 0. If this is the case, computing recursively the u s , in decreasing order, starting with u n = 1, we get
where Π 0 (α, γ) = 1. Now, we can rewrite Eq. (32) as
The highest-order terms in this polynomial are given by
where Q(x) is a polynomial with degree ≤ n − 4.
In our case, the parameter α takes the value γ 2 /4, and the parameter γ is given by Eq. (17) . Therefore, the expressions of the Heun polynomials P n (α, γ; x), for n = 0, 1, 2, are as follows:
• n = 0, β = 3, Π 0+1 = 0 ⇒ α = 0,
• n = 1, β = 6, Π 1+1 = 0 ⇒ α 2 + 3γ = 0,
• n = 2, β = 9, Π 2+1 = 0 ⇒ α 3 + 12αγ + 36 = 0,
It is worth noting that for each value of n, namely, n = 0, 1, 2, . . ., corresponds a function
HeunT(α, β, γ; x), which is a polynomial of degree n in x.
To obtain the energy density spectrum corresponding to a solution of the WDW equation in a suitable minisuperspace, with ω = 0, let us use Eqs. (12) and (28) . Thus, we find the following result:
If we consider a scenario in which the cosmological constant is negative, that is, Λ = −|Λ|, the energy spectrum can be rewritten as
We see from Eq. (41) that this quantum mechanical energy spectrum consists of an infinite sequence of discrete levels (see Fig. 3 ), which are equally spaced. Note that the eigenvalues given by Eq. (41) are nondegenerate.
Let us now turn to the original wave function. Using Eq. (30), we see that to each discrete value ρ m0,n , expressed by Eq. (40), there corresponds n physically acceptable solutions (see Fig. 4 ), given by
(ξ 3 a 3 +γξa) P n (α, γ; ξa)
where the quantity N n is a constant to be determined and the parameters α, β, and γ are given by the following expressions: 
Note that for Λ < 0 we have bounded states as shown in Fig. 3 . From Figs. 4 , 5, and 6, we see that the solutions are all finite in the limit a → ∞. It is worth calling attention to the fact that the behavior obtained for the wave functions at large values of a guarantees that the correspondence with the classical theory is preserved at this regime.
IV. SOLUTION OF THE WDW EQUATION FOR
Now, let us assume that ω = 1/3, in which case the WDW equation is rewritten as
where It is important to call attention to the fact that for ω = 1/3, Λ > 0, and k = 1 (closed universe) a tunnelling effect can occur. For k = 0, −1, thi is no this a possibility. As for Λ < 0, there is a possibility to create a quantum state by a tunnelling process.
to solve Eq. (46), let us introduce the dimensionless variable given by Eq. (14) together with the definitions given by Eqs. (12) and (13) . Let us also assume that the wave function Ψ is given by Eq. (18), with the parameter γ defined as in Eq. (17).
Thus, following straightforwardly what was done in the previous, we arrive at an equation for P (x), which is given by
Equation (48) (ξ 3 a 3 +γξa) P (ξa)
(ξ 3 a 3 +γξa) HeunT(α, β, γ; ξa) ,
which is similar to the triconfluent Heun equation given by Eq. (20) . Thus, as in the previous cases, its general solution can be written as
(ξ 3 a 3 +γξa) P (ξa)
where the quantity N is a constant to be determined and the parameters α, β, and γ are given by the following expressions:
As in the radiation-dominated universe, in the present case, β = 0 which means that there is no polynomial solution.
VI. CONCLUSIONS
We have shown that in the Friedmann-Robertson-Walker universe, for the spatially closed,
flat, and open geometries and taking into account the content of energy corresponding to matter, radiation, and vacuum, all analytical solutions of the Wheeler-DeWitt equation are given in terms of the triconfluent Heun functions. In particular for a universe dominated by matter, the wave function reduces to polynomials in powers of the scalar factor multiplied by an exponential which also depends on the scale factor.
The graphs of the first three wave functions for k = −1, 0, +1, in a matter dominated universe, are shown in Figs. 4, 5, and 6, respectively, from which we can see how sensible the solutions are with respect to the geometry. As for the energy spectrum, it corresponds to an infinite sequence of discrete levels, equally spaced, proportional to the square root of the cosmological constant.
In the literature, some investigations concerning the meaning of the solutions of the WDW equation [11] , as well as the transition amplitudes and boundary conditions which should be applied [27] , are based on the solutions of this equation obtained in the classical limit (a >> 1) and in the very early universe (a << 1). With these restrictions some progress has been made in understanding these issues.
In the present paper, we obtained the analytical solutions of the WDW equation valid for all values of the scale factor. Thus, in principle, we can use these solutions to understand the problem concerning the interpretation of the wave function, to find the more appropriate boundary conditions, to investigate the transition amplitudes, and to predict the realization of different stages of the evolution of the universe, but now for all values of the scale factor, and not only very close to the classical limit and very far from this regime.
Therefore, with the solutions of the WDW equation, obtained without the restrictions with respect to the values to be assumed by the scale factor, we believe that, in principle, it would be possible to better understand the issues raised as compared to the scenario in which only asymptotic values of the scale factor, a << 1 and a >> 1, are taken into account. In this way, we expect that some more progress in understanding the role played by the WDW equation in quantum cosmology could be made.
